Abstract. We calculate the radiative decay widths of the a0(980) and f0(980) scalar mesons into ργ and ωγ considering the dynamically generated nature of these scalar resonances within the realm of the Chiral Unitary Approach. The main ingredient in the evaluation of the radiative width of the scalar mesons are the loops coming from the decay into their constituent pseudoscalar-pseudoscalar components and the subsequent radiation of the photon. The dominant diagrams with only pseudoscalar mesons in the loops are found to be convergent while the divergence of those with a vector meson in the loop are written in terms of the two meson loop function easily regularizable. We provide results for all the possible charge channels and obtain results, with uncertainties, which differ significantly from quark loops models and some version of vector meson dominance.
Introduction
The radiative decay of resonances has been advocated as a privileged tool to study the nature of resonances [1, 2] . A good example of the interest in these reactions is offered by the large amount of works devoted to the study of the radiative decay of the D * s0 (2317) charmed scalar meson [3] . The uncharmed scalar mesons are the object of much debate regarding its nature as a possiblestate, a meson-meson molecule, a dynamically generated object from the interaction of pseudoscalar meson pairs in coupled channels or a hybrid of those structures [4, 5, 6, 7] . The idea that the light scalar mesons σ(600), f 0 (980), a 0 (980), κ(800) are bound states or resonances formed from the interaction of pseudoscalar mesons has been gaining support, particularly because the underlying interaction is well known from the chiral Lagrangians [8] , and then using any reasonable nonperturbative tools, like the Bethe Salpeter equation [7, 9, 10, 11] , the N/D method [12] or the Inverse Amplitude Method [13, 14] the scalar states appear automatically. The support for this picture is also strengthened by the success reproducing different reactions where these resonances are produced without the need to introduce any free parameters. Examples of this are the description of the φ → π 0 π 0 γ reaction with its strong f 0 (980) peak, or the φ → π 0 ηγ reaction with its prominent a 0 (980) peak [15, 10, 16] , the γγ → ππ and γγ → KK reactions [17, 18] and, adjusting some normalization parameters, the description of the J/Ψ → NNππ [19] and the J/Ψ → ωππ, J/Ψ → φππ, with clear signals for the σ(600) in the first reaction and of f 0 (980) in the second one [20, 21] . The apparent narrowness of the σ(600) in the J/Ψ → ωππ reaction is nicely interpreted in [21] since the strength of σ production is proportional to the ratio t/V , with t the scalar isoscalar ππ amplitude and V the potential in the same channel (the Adler term). The narrowness is due to the strong energy dependence of the Adler term, which grows faster that the scattering t-matrix. Further considerations concerning the scalar meson sector are done in [22] .
The success of the chiral unitary approach in describing the scalar sector and in particular the f 0 (980) and a 0 (980) resonances, can be further tested with new observables like those we suggest in the present work. Given the fact that the φ → π 0 π 0 γ and φ → π 0 ηγ reactions are well understood within this picture, one can look at the crossed channel reactions of the former ones in places where the energy conservation allows it. This is the case of the f 0 (980) and a 0 (980) resonances decaying into V γ where V is now a vector meson which replaces the φ to make the reaction energetically possible. Such vector mesons can only be the ρ and the ω. The sensitivity of this observable to details of different models is huge and has been discussed in several works, assuming vector meson dominance and direct coupling of the scalar to V V [23] , or quark loop contribution [1] or meson-meson loop contribution, KK [1] , and KK and ππ [24] . The work presented here will follow the ideas of the chiral unitary approach used to describe the φ → π 0 π 0 γ decay, evaluating loops of KK and ππ, as in the former works, but also those containing one vector meson, which proved to be relevant in the study of the radiative decay of vector mesons to two pseudoscalar mesons and one photon [25, 16] . An experimental proposal to measure the f 0 , a 0 , to V γ decays has been approved at COSY/WASA [26] .
Formalism
By using the techniques of the unitary extensions of chiral perturbation theory (chiral unitary approach or Unitarized ChPT) the low lying scalar resonances (σ, κ, f 0 (980) and a 0 (980)), among many other mesonic and baryonic resonances, are generated dynamically. With the only input of the low-lying chiral Lagrangians, the implementation of unitarity in coupled channels and the exploitation of the analytic properties of the scattering amplitudes, the approach generates poles in unphysical Riemann sheets of the unitarized meson-meson scattering amplitudes which can be associated to those resonances. Hence they qualify as quasibound states of their constituent meson-meson components. Furthermore, by evaluating the residue of the meson-meson scattering amplitudes at the pole positions, this picture provides the value, including the phase, of the couplings of these resonances to their constituent building blocks. Indeed, close to the pole position the Laurent expansion of the scattering amplitude in a particular isospin and partial wave can be approximated by its dominant term
where i and j refer to a given meson-meson estate and
2 is the pole position, with M and Γ the mass and width of the associated resonance. Hence, g i in Eq. (1) can be identified as the coupling of the dynamically generated resonance (with the quantum numbers of the amplitude t) to the i − th channel. In particular, using the Bethe-Salpeter unitarization procedure, we obtain the couplings of the a 0 and f 0 to their constituent pseudoscalar-pseudoscalar (P P ) components shown in table 1. The difference with the results of ref. [27] will be considered as an uncertainty in the error analysis in the present work. Once we have these couplings, the philosophy we follow in order to obtain the radiative decay widths is almost straightforward: one has to consider the transition from the scalar mesons to the possible P P at one loop and then attach the photon to the possible allowed places, considering that a vector meson in the final state needs to be produced. For reasons that will be clear later on, the diagrams that we need to evaluate are only those shown in fig. 1 .
The channels we will consider are fig. 1 , S represents the decaying scalar mesons; P 1 , P 2 , pseudoscalar mesons and V 1 , V 2 , vector mesons. In the Appendix, tables 5-7, we show the different allowed P 1 P 2 V 1 V 2 particles of the diagrams in fig. 1 together with the corresponding coefficients for each channel to be explained latter on. In fig. 1 , P , q, k and Q represent the momentum of the different lines that will be used in the evaluation of the loop function.
At this point we take advantage of the implications of gauge invariance to simplify the calculations. We follow a similar procedure as done in refs. [28, 15] in the evaluation of the radiative φ decay and in refs. [29, 30] for the radiative axial-vector meson decays.
The general expression of the amplitude for the radiative decay of a scalar meson into a vector meson and a photon (S → V γ) can be written as
where Q is the final vector meson momentum and k the photon momentum, which are the only independent available momenta. In Eq. (2), ǫ V and ǫ are the vector meson and photon polarization vectors respectively. On the other hand, due to the Lorenz condition, ǫ V µ Q µ = 0, ǫ ν k ν = 0, all the terms in Eq. (3) vanish except for the a and d terms. Furthermore, gauge invariance implies that T µν k ν = 0, from where one gets
Therefore the amplitude gets the general form
Hence, we only need to evaluate those diagrams contributing to the d-term, that is, those having a final structure k µ Q ν . The advantage to evaluate only the d coefficient is that only the loop diagrams of fig. 1 contribute since other diagrams, like those involving photon couplings to the vertices which are necessary to fulfill gauge invariance, do not give contribution to the d coefficient [28, 15, 29] . Another advantage is that, from dimensional reasons (performing explicitly the Feynman integrals), we will see that the d coefficients are finite for the type-a diagrams of fig. 1 , while the logarithmic divergence from the type-b diagram can be easily identified and regularized by expressing it in terms of the two meson loop function of the P P scattering problem.
With the previous discussion in mind, let us explain the explicit steps in the calculation of the radiative decay Fig. 1 . Feynman diagrams contributing to the scalar radiative decays width. We will consider first the evaluation of the type-a diagram of fig. 1 . The Lagrangians needed in the evaluation of the type-a diagram in fig. 1 are, for the vectorpseudoscalar-pseudoscalar (V P P ) vertex:
where
with M V the vector meson mass and G V a coupling constant defined in [31] and for which we use the numerical value G V = 55±5 MeV from ref. [16] . In Eq. (6), V and P are the SU (3) matrices containing the octets of vector and pseudoscalar mesons respectively, see e.g. ref. [31] , and means that one has to perform the trace of the SU (3) resulting matrix. In Eq. (6), f is the pion decay constant (f = 93 MeV), however one can assign an uncertainty to the f constant since it could range from f π to f η . For the calculations we will actually use, as central value, f = 1.08 × 93 MeV and we will also consider uncertainties in our calculations by taking a range of f between f π and 1.15f η .
The P P γ vertex can be readily obtained from the lowest order ChPT Lagrangian [8] 
from where the P P γ amplitude follows:
with p 1 (p 2 ) the momentum of the ingoing(outgoing) pseudoscalar meson, Q i is the sign of the charge of the pseudoscalar meson and e is taken positive. Therefore, the amplitude for the type-a diagrams takes the form:
where A are coefficients given in table 5 needed to relate the SP 1 P 2 coupling in charge basis with those in isospin basis and with the unitary normalization of refs. [7] , g SP1P2 . In Eq. (9) Q 1 is the sign of the charge of the P 1 pseudoscalar meson, m 1 (m 2 ) is the mass of the P 1 (P 2 ) pseudoscalar meson, M V the mass of the final vector meson and C are coefficients coming from the Lagrangian of Eq. (6) after performing the trace of the matrix and which depend on the particular P 1 , P 2 and V particles (specifically, C is the coefficient of
By using the Lorenz condition, ǫ V µ Q µ = 0 and ǫ ν k ν = 0, the amplitude reads
This loop integral can be easily done by using the Feynman parametrization. We use the identity
We set
and perform the change of variable
Now we have to recall the above discussion in order to keep in mind that we only need the d coefficient (see Eqs. (3) and (5)). That means that we only need the terms producing a final structure of the type k µ Q ν , which reduce considerably the number of terms and, more important, the resulting expression contributing to the d-term is just finite. Thus the apparent superficial logarithmically divergent type-a loop (see Eq. (9) becomes pure convergent and, hence, with no need for regularization, it is univoquely defined (no regularization parameters, scale, etc).
For the type-a loop, the final, simple and finite, expression for the d-coefficient of Eqs. (3) and (5), from where the amplitude can be obtained by using Eq. (5), is
In the final step of the derivation of Eq. (14), since the remaining d 4 q ′ integration is finite, we have used that [32] 
So far, what we have done corresponds to the meson loop calculation of [1, 24] with a significant difference, which is the coupling of the scalar resonance to the two pseudoscalar mesons. In [1] it is taken from [33] obtained using the Weinberg compositness condition [34] , and as quoted in [1, 24] the estimation of the coupling should be viewed as qualitative [sic] [1] . Furthermore, only KK loops are contained in [1] . In [24] , ππ loops are also considered and the couplings of the scalar to the pseudoscalar mesons are taken from the effective resonance Lagrangians of [31] . One should note in this respect that, while the vectors can be considered as genuine new fields, additional to the pseudoscalar ones, the scalar fields cannot be considered at the same level since they come from the same pseudoscalarpseudoscalar Lagrangians after a proper unitarization [7, 12, 9, 10, 11] . This means that the use of a proper unitary theory involving the pseudoscalar-pseudoscalar meson chiral Lagrangians and the scalar resonance Lagrangians of [31] leads to double counting. On the other hand, assuming that these scalar resonance Lagrangians are only a means of providing at tree level the couplings of the scalar to pseudoscalar mesons, there are also problems since the a 0 and f 0 properties cannot be simultaneously fitted with the structure of the resonance Lagrangians of [31] . In our case, as explained above, the couplings are taken from the residues at the poles of the unitarized meson-meson interaction amplitudes, which reproduce very accurately the experimental data in a range of energies from threshold to 1.2 GeV and are consistent with a large variety of physical processes.
The other novelty of our approach is the evaluation of the type-b loops. The idea to include these loops stems from the relevance of intermediate vector mesons in the radiative decay of ρ, ω, into meson-meson-photon [25] .
For the evaluation of the type-b loops, we first need the V γ vertex given by
where λ V is 1, 1/3, − √ 2/3 for V = ρ, ω, φ respectively, F V is the coupling constant in the normalization of [31] for which we use the value F V = 156 ± 5 MeV [16] .
For the V V P vertex we use the Lagrangian [35, 36] :
. Since in the type-b loops we have two vertices of the type V V P , the amplitude is proportional to G ′2 or g ′4 . Hence, the contributions to the decay width of the type-b loops go like g ′8 . This means that small differences in the value of g ′ are strongly magnified in the evaluation of the radiative decays widths from the type-b mechanisms. Therefore a good numerical value for the V V P couplings is called for. Hence, in order to fine tune the numerical value of the V V P coupling constant we proceed as follows. From
Eqs. (16) and (17), the decay width of the decay of a vector meson into a pseudoscalar meson and a photon, V → P γ, (see fig. 2 ), takes the form:
where B i are numerical coefficients depending on the different V V P channels that will be explicitly defined later on, and |k| is the center of mass momentum of the photon or the pseudoscalar meson. In table 2 we show the theoretical branching ratios together with the experimental ones [37] . The agreement with the experimental data is fair but 
(9.9 ± 0.9) × 10 −4 the results can be improved by incorporating SU (3) breaking mechanisms. For that purpose, we will normalize here the G ′ coupling by multiplying it by N i ≡ BR exp i /BR th i , dependent on the particular channel, such that the theoretical branching ratios agree with experiment. For the evaluation of the second column of table 2 and in the rest of the paper we fix G ′ = 0.098 MeV −1 . The experimental errors in table 2 will be considered later on when evaluating the uncertainties of our final results for the scalar radiative decays.
The amplitude for the type-b diagram of fig. 1 reads
where M 1 (M 2 ) is the mass of the V 1 (V 2 ) vector meson. In Eq. (19), A has the same meaning as in the type-a loop case and B is the coefficient of the P 1 V 1 V 2 vertex obtained after performing the SU (3) trace in V V P (see Eq. (17)) defined as B P 1V1V2 . Analogously, C is the coefficient coming from the P 2 V 2 V vertex defined as C P 2V V 2 from the resulting expression after taking the trace in V V P . The N B and N C couplings are the normalization factors for the B and C V V P vertices just that the V → P γ decays agree with experiment, as explained above. In the evaluation of the type-b loops we use for each V V P vertex a value of N i obtained from the average of the different charge channels of table 2 containing the same vectors. The loop integral in Eq. (19) is apparently quadratically divergent, the highest degree of divergence coming from the last q β q β ′ term from the propagator of the vector meson in the loop. However, this last term gives zero contribution since q α q α ′ q β q β ′ is a totally symmetric tensor and vanishes when contracting it with the antisymmetric Levi-Civita tensor.
Thus, the remaining logarithmically divergent amplitude reads:
Even though the previous expression is logarithmically divergent, the divergence can be isolated and expressed in terms of the two-meson loop function that appears in the unitarization procedure of the meson-meson scattering amplitudes. The reasoning is as follows: by using that
the ǫ µναβ ǫ
In order to separate the divergent part in a convenient way, we write the bracket {...} of Eq. (22), by adding and subtracting q 2 (k · Qg µν − k µ Q ν )/2, in the following way:
Now the square bracket [...] term in Eq. (23) leads to a finite contribution after performing the Feynman parametrization since the divergent contributions coming from the q ′ terms of Eq. (13) cancel algebraically.
The remaining part coming from the last (23) leads to a logarithmically divergent contribution which can be written in terms of the known two-meson loop function, G(s, m 1 , m 2 ), already used in the meson-meson unitarized scattering amplitude. Explicit expressions for G(s, m 1 , m 2 ) can be found, e.g., in refs. [38, 39] . Indeed, we can do the following transformation when considering the propagators present in Eq. (20):
The term
in the big parenthesis leads to a convergent part while the
term is proportional to the two meson loop function, G((Q + k) 2 ), which can be properly regularized either with a cutoff [7] or with dimensional regularization [12, 13] . The procedure followed here to write the divergent part in terms of the meson-meson loop function is similar to what was done in ref. [40] in a different context. Therefore, gathering the convergent parts and keeping only the contributions to the d−term of Eq. (3), we get the following convergent d-coefficient:
2 ) (25) where now
while the contribution to the d−term from the divergent part is
(26) The total amplitude for the radiative decay process is then obtained from Eq. (5) where
from Eqs. (14), (25) and (26) .
The radiative decay width of the scalar resonances into a vector meson and a photon is then readily obtained, taking the narrow resonance limit in a first step, by
where M S stands for the mass of the scalar meson.
In order to take into account the finite width of the scalar resonance and the final vector meson we fold the previous expression with their corresponding mass distributions:
where Θ is the step function, s th S(V ) is the threshold for the dominant S(V ) decay channel and N is the normalization factor of the spectral distributions:
Advancing some results, the effect of the folding with the vector-meson spectral function has little influence in the radiative decay widths. On the contrary, the convolution with the scalar meson mass distribution is crucial for the decays of the f 0 , as we will explain in the Results section.
Results
In table 3 we show the contributions of the type-a and -b loops to the radiative decay widths under consideration 1 . The numbers besides the labels ππ, KK and πη are the decay widths that we would obtain had we used only the loops-a or -b where the scalar meson vertex is attached to ππ, KK and πη respectively. The other number in columns 2 and 3 is the global loop-a or loop-b contribution. The theoretical errors quoted in our final results have been obtained by doing a Monte-Carlo sampling of the parameters of the model within their uncertainties as have appeared along the text. We have checked that the largest source of error in the final results for the f 0 decays is the uncertainty considered in the pseudoscalar decay constant f , while the largest one in the a 0 decays comes from the uncertainty in the g a0P P couplings.
For the f 0 → ρ 0 γ the ππ type-a loops contribution, in spite of being only a 10% of the KK one, influences the global loop-a contribution by about 30% due to the interference with the dominant KK type-a loop.
In table 3 we can see that the contribution of the typeb loops to the decay widths, evaluated for the first time in the present work, is quite important for most of the decays, particularly for the f 0 → ρ 0 γ, a 0 → ργ and a 0 → ωγ decays. The KK loops in the type-b diagrams are small by themselves with respect to the ππ or πη loops. However, they are important to give the global type-b contribution after the coherent interference with the ππ or πη loops. For instance, had we only considered the type-a loops, the results would be the same for the a 0 → ργ and a 0 → ωγ radiative decay widths. (The differences in table 3 are due to the different masses of ρ and ω). The type-b loops for these a 0 decays are dominated by the πη loops. However, the πη mechanisms of the type-b loops for the a 0 → ωγ decay is one order of magnitude larger than that of the a 0 → ργ. This is essentially due to the fact that the vector meson attached to the photon (V 1 in fig. 1b ) is a ρ in the former case and an ω in the later one. This implies a factor three difference in the λ V1 coefficient of the direct coupling of the vector meson to the photon (see Eq. (16)). This makes, after the interference with the other pieces, that the width of the a 0 → ωγ decay is much larger than the a 0 → ργ decay width.
Since all these interference effects are so important, it is crucial to know the relative sign among the different couplings of the model. At this point the chiral unitary approach makes a decisive contribution since, as explained at the beginning of section 2, it provides the g SP P couplings including their phase. Hence the right direction of the interferences among the different mechanisms is a genuine non-trivial prediction of UChPT.
On the other hand it is worth mentioning the importance of the convolution with the scalar mass distribution, Eq. (28). Had we not considered the folding of the decay width with the scalar meson spectral function we would have obtained radiative decay widths for the f 0 about 3 times smaller than in the case when the convolution is performed. Indeed, as already mentioned in refs. [1, 24] 
dent on the scalar meson mass. This is specially relevant for the f 0 decay channels.
In fig. 3 we show, as an example, the decay widths as a function of the scalar meson mass that one would obtain (without the convolution) for particular mechanisms for the type-a ( fig. 3(a) ) and type-b ( fig. 3(b) ) mechanisms. In fig. 3(a) one can see the strong dependence with the energy of the type-a kaon loops close to the KK threshold. This makes that small variations in the scalar meson mass change drastically the final radiative decay width. This is why it is very important to account properly for the scalar meson mass distribution by folding with the spectral function. For the type-a ππ loops and for the type-b, the dependence with the energy are smoother because, as seen in table 3, they are dominated by ππ or πη P 1 P 2 mechanisms, which have the threshold far from the ∼ 980 MeV region of interest. Therefore, the influence of the convolution with the scalar mass distribution is less relevant for the type-b loops.
At this point it is worth commenting about the relative size of the divergent and convergent part of the type-b loops. We have checked that by using in the evaluation of the decay widths only the convergent (Eq. 25) or divergent (Eq. 26) part, the contribution from the type-b loops would be from 3 to 10 times larger (depending on the channels) than those given in [24] on meson loops by using the resonance Lagrangians of [31] .
We can see the wide dispersion among the different theoretical models. The previous calculations dealing with meson loops, refs. [1] (II) and [24] , do not include the typeb loops considered in the present work. The model of ref. [1] (II) neglects the pion loops for the type-a mechanisms which, as shown above and despite being small by themselves, affects the final result of the radiative decay widths in a significant manner after the coherent addition to the dominant contributions. On the other hand, the model [1] (II) relies on an estimation of the g SP P that should be viewed as qualitative [sic] [1] and the model of [24] uses couplings from the resonance Lagrangian of [31] which we questioned before. On the contrary, the chiral unitary approach provides precise values for the couplings, including their phase, which have been successfully tested in many processes, and have uncertainties under control. In any case we should stress that all the results from the meson loops are of the same order of magnitude, and quite different from the quark and VMD models. The large dispersion among the theoretical models stresses the extreme sensitivity of these radiative decays to the theoretical models and on the nature of these resonances. Hence, an experimental measurement would be very valuable to discern among theoretical models. The numerical values obtained here are within reach in present experimental facilities, in particular at COSY/Juelich where an experiment is already approved [26] .
Summary
We have evaluated the radiative decays of the a 0 (980) and f 0 (980) scalar mesons into a vector meson and one photon from the point of view of the chiral unitary approach, where the a 0 (980) and f 0 (980) scalar mesons are dynamically generated by implementing unitarity in coupled channels in the pseudoscalar-pseudoscalar interaction. By evaluating the residues at the pole positions in unphysical Riemann sheets of the partial wave amplitudes, the couplings of the scalar mesons to the different P P channels can be obtained both in modulus and phase. Within this dynamical framework, the natural way to evaluate the radiative decay widths is to consider the decay of the scalar mesons into their constituent P P building blocks and then allow the photon to be emitted from the pseudoscalar legs of the allowed loops. We consider not just the mechanisms with only pseudoscalar mesons in the loops, but also those with a vector meson in the loop. By using arguments of gauge invariance we show that the contribution of the loops involving only pseudoscalar mesons, which are in most of the cases the dominant ones, are convergent. The loops containing a vector meson are logarithmically divergent, but this divergence can be recast into the two meson-loop function used in the scattering process, well under control, which leads to the dynamical generation of the scalar resonances.
We make predictions for all the allowed f 0 /a 0 → V γ decay widths including also an error analysis from the uncertainties in the parameters of the model. We show that even if some of the mechanisms are small by themselves, like the pion loops for the f 0 → ρ 0 γ or the loops containing a vector meson in the loop, they affect strongly the final results due to non-trivial interferences with the dominant mechanisms. The sign of these interferences are well under control thanks to the knowledge of the phase of the couplings provided by the underlying unitary theory that generates dynamically the scalar resonances.
These radiative decays are very sensitive to details of the models, hence an experimental measure would be highly valuable to discern among theoretical models. The COSY/WASA [26] scheduled experiment should be very useful in this respect. 
